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to generate frequency conversion pro-
cesses at multiple wavelengths and spa-
tial directions. [  2–7  ]  Compared to the well 
known one-dimensional nonlinear fer-
roelectric structures, 2D modulation of 
  χ   (2) -nonlinear susceptibility allows the 
simultaneous access to several reciprocal 
lattice vectors at different angles, each of 
which stands for quasi-phase-matching 
processes (QPM) in a different wave-
length/direction. The fi rst experimental 
demonstration of non-collinear multi-
directional QPM-SHG processes was 
reported by Broderick et al. in 2000, [  2  ]  
leading to an intense research line in 
materials science and nonlinear optics, 
including the demonstration of novel 
nonlinear optical phenomena, namely, 
Cerenkov and Raman Nath nonlinear dif-
fraction, nonlinear Talbot effect or self-
accelerated beams, [  4,8,9  ]  as well as other 
relevant examples such as nonlinear 
Airy beams, simultaneous generation of 
second to fi fth harmonic conical beams 
or compact-engineered path-entangled 
quantum light monolithic sources. [  3,10,11  ]  

However, despite the outstanding opportunities offered by 
domain-patterned nonlinear photonic structures as innovative 
avenues for light generation and control, the amount of sys-
tems in which artifi cially engineered ferroelectric patterning 
has been accomplished is small, being reduced to no more than 
ten of the thousand plus ferroelectric crystals available. In par-
ticular, the fabrication of 2DNPC has been limited to the iso-
morphs LiNbO 3 , LiTaO 3 , and RbTiOPO 4  (RTP), KTiOPO 4  (KTP) 
crystals. This material constrain hampers the potential of next-
generation multiport-operation-QPM devices, particularly in 
the deep UV and mid-IR wavelength regions, where the above 
mentioned nonlinear materials cannot be used. Note that, the 
employed nonlinear material is essential for the fabrication 
of VUV all solid state lasers or MIR-IR sources, both widely 
demanded in a large number of scientifi c and industrial appli-
cations including photochemical processes, semiconductor and 
integrated circuit processes, spectroscopy or medical applica-
tions. [  12–16  ]  In this work, we study the BaMgF 4  system (hereafter 
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  1   .  Introduction 

 Since the work on two-dimensional nonlinear photonic crys-
tals (2DNLPC) proposed by Berger fi fteen years ago, [  1  ]  a large 
variety of inverse ferroelectric domain patterns with a two-
dimensional geometry have been designed and implemented 
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Ferroelectricity in this system arises from the displacement of 
Ba atoms along the polar axis,  c,  which is accompanied by the 
rotation of the MgF 6  octahedra around the Mg atoms. [  29  ]  Ferro-
electric switching in BMF results in antiparallel 180° domains 
and has been demonstrated by two different techniques: con-
ventional electric fi eld poling by planar electrodes, and piezo-
electric force microscopy in ultra-thin crystals (≈70  μ m). [  30,31  ]  
Periodically poled structures with a grating period   Λ   = 6.6  μ m 
have been obtained by using photo-lithographically patterned 
electrodes. After the poling process, the transparency and 
nonlinear properties of the material remain unaltered and the 
demonstration of collinear UV second harmonic generation 
via quasi-phase matching process has been reported. [  18  ]  How-
ever, despite the superiority of BMF over other ferroelectric 
materials, namely, large transparency, low coercive fi eld, high 
optical damage threshold or the possibility to incorporate opti-
cally active laser ions during its crystal growth, [  32–35  ]  ferroelec-
tric domain reversal in BMF has been limited up to now to 1D 
patterning and therefore, to a single nonlinear process. In this 
work, ferroelectric domain engineering has been expanded to 
2D geometry to fabricate 2DNLPC with reliable multifunctional 
optical character in a broad spectral range. 

  2.1   .  Ferroelectric Patterning. Fabrication of 2DNLPC Structure 

 Ferroelectric domain inversion in BMF was carried out via 
direct electron beam writing (DEBW) by means of a scanning 
electron microscopy driven by a nanolithography software. This 
technique was chosen because, opposite to other conventional 
techniques, it allows processing thick single ferroelectric crys-
tals with great patterning versatility and without the need of 
any previous masking step. However, the physical mechanism 
underlying the switching process by DEBW differs from those 
of other more conventional switching techniques. Opposite to 
polarization reversal by planar switching electrodes, in the case 
of DEBW the electric fi eld across the sample is highly inho-
mogeneous, as the one induced by a point source, exceeding 
the conventional switching fi elds by 2–3 orders of magnitude 
at the irradiated surface and decreasing down to practically 
zero (≈1 V cm −1 ) beyond several hundred micrometers depth. 
Thus, the effect of the applied density charge plays a key role on 
the fi nal size and shape of the inverted ferroelectric domains. 
 Figure    1  a–c shows as an example, the evolution of square lat-
tices of inverted ferroelectric domains in BMF obtained upon 
different electronic charge densities ranging from 50 to 
250  μ C cm −2 . In all the cases, the diameter of the irradiated 
single motives was 20  μ m with a separation distance between 
adjacent domains of 20  μ m. No ferroelectric inversion is 
observed for charge densities below 50  μ C cm −2  (Figure  1 a). 
On the other hand, increasing the applied density charge above 
the threshold value (Figure  1 b) allows domain reversal to grow 
spontaneously, leading to uncontrolled domain merging, which 
may produce the reversal of the fully irradiated area (Figure  1 c).  

 The domain growth mechanism using DEBW as a function 
of the applied charge can be analyzed in terms of the so called 
ferroelectric domain breakdown phenomenon. [  36,37  ]  In the 
frame of this model, the driving force for the domain formation 
is the condition of minimum free energy, that is, the decrease 

BMF), a ferroelectric fl uoride crystal with an extraordinary 
transparency ranging from the deep ultraviolet (≈126 nm) to 
the mid infrared (≈13  μ m). [  17,18  ]  

 The paper is structure at follows. On one side the fabrica-
tion of two-dimensional periodical arrays of inverted ferro-
electric domains in BMF is demonstrated by direct electron 
beam writing (DEBW). The variety of reciprocal lattice vec-
tors provided by the nonlinear   χ   (2)  modulation and the ferro-
electric domain walls, along with the optical biaxial nature of 
BMF result in the simultaneous generation of three different 
Cerenkov-type SHG processes. These processes are all distrib-
uted in a conical geometry and involve different polarization 
states. This capability of the system to simultaneously phase-
match several nonlinear interactions points out the feasibility 
of the broadband nature of the nonlinear response in these 2D 
photonic crystal, which is of additional interest considering the 
remarkable large transparency range of BMF. Note that owing 
to the intriguing enhancement of   χ   (2)  parametric processes 
by domain walls, [  19,20  ]  Cerenkov-type SHG processes are not 
restricted to a particular lattice period and so the generated 
conical nonlinear response can be tuned over a large spectral 
range. [  20,21  ]  In particular the transparency range in the UV 
region may permit the access to the shortest wavelengths ever 
reported via nonlinear frequency-mixing process by crystalline 
materials. 

 On the other side, BMF presents relatively large third-order 
nonlinear refractive indexes in the UV region, at least an order 
or magnitude larger than those of  β -BaB 2 O 4  (BBO), LiB 3 O 5  
(LBO), or LiNbO 3 , which enables the observation of nonlinear 
phenomena associated with third order nonlinearities such 
as third harmonic generation (THG), self-phase modulation, 
super-continuum spectra or stimulated Raman scattering in 
the UV. [  22,23  ]  This feature has been exploited by the authors in 
the last section to demonstrate what we believe is the highest 
UV-THG conversion effi ciency in a single solid state system via 
pure   χ   (3)  nonlinear process. Up to 5% conversion effi ciency at 
around 380 nm is demonstrated by type II birefringent phase 
matching. The study of THG processes based on third-order 
electric susceptibility in BMF is of great interest not only due 
to the possibility to extend the frequency conversion processes 
to the UV spectral region, but also due to its potential applica-
tions in quantum optics since it may allow the direct generation 
of photon triplets via the reverse process of THG. [  24–26  ]  Only 
few works on pure effi cient   χ   (3)  frequency conversion processes 
have been reported to date, [  27,28  ]  so that, the obtained results 
increase the multifunctional character and interest of BMF as 
optical material and open the possibility for the development 
of novel states of light from frequency converter solid state sys-
tems taking advantage of its huge transparency range.  

  2   .  Results and Discussion 

 BMF is an orthorhombic ferroelectric fl uoride crystal with space 
group C12

2v   (C mc 2 1 ) belonging to the BaMF 4  family of pyroelec-
tric fl uorides (M = Mg, Mn, Fe, Co, Ni, Zn). Its ferroelectric 
transition temperature is at 990 °C. It shows a spontaneous 
polarization value of 6.6  μ C cm −2  with coercive fi elds in the 
range 4 to 24 kV cm −1 , depending on the applied frequency. [  29  ]  
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range (solid circles). The crystal thickness was as large as 1 mm 
so that, the lateral size of the inverted domains is about 2 orders 
of magnitude smaller than their length, in agreement with the 
expected equilibrium dimensions for the system. Further, the 
domain radius power law dependence on the applied charge 
was found to be equal to 2/3 as predicted from theoretical cal-
culations. Black squares in Figure  1 d represent the equilibrium 
domain radius dependence on the applied charge obtained for 
LiNbO 3 . The domain sizes are considerable lower than those 
in BMF for similar experimental conditions. The difference 
arises from the different value of their spontaneous polariza-
tion: 6.6  μ C cm −2  versus 75–80  μ C cm −2  for BMF and LiNbO 3 , 
respectively, which ultimately determine domain breakdown 
in ferroelectrics. Indeed, the obtained results are in excellent 
agreement with the domain radius theoretically predicted 
(≈1/ P  s  2/3 ). [  37  ]  At this point, we would like to mention that inver-
sion of ferroelectric domains with a diameter inferior than 5 μ m 
was successfully achieved by DEBW in BMF, however, they 
were found to be unstable on time, disappearing after a few 
days. This is not the case of larger domains (≈10  μ m), whose 
stability was confi rmed after several months. On this basis, in 
order to obtain stable string-like ferroelectric domain superlat-
tices with periodicities below 5  μ m in BMF, a certain reduction 
on the crystal thickness must be required. Hence, the results 
displayed in Figure  1 d provide the precise applied charge values 
required for tailoring a determined structure of ferroelectric 
domains in BMF.  Figure    2   shows two optical images of 2D 
periodical patterns of ferroelectric domains with different sizes 
and fi lling factors irradiated on BMF according to the analysis 
above. The ferroelectric patterns were obtained in large areas 
(0.5 mm × 0.5 mm) as required for photonic applications. Spa-
tially resolved micro-Raman spectroscopy was employed to con-
fi rm that the optical properties of the system remain unaltered 
after the irradiation process. This technique has shown to be a 
powerful tool to investigate possible perturbations in the local 
structure of crystalline material after polarization reversal. [  38,39  ]  
The obtained spectra collected at the center of the original (non 
irradiated) and inverted regions are shown in Figure  2 c. In both 
cases, a good agreement is obtained with the Raman spectrum 
previously reported for BMF crystals. [  40  ]  As observed, no dif-
ferences can be detected either in the position of the Raman 
peaks or in the spectral widths, the obtained spectra being iden-
tical. That is, no structural changes are observed which means 

of the total free energy of the system, which is composed of 
three main terms: the energy of the depolarization fi eld, the 
surface energy of the domain walls, and the energy of the inter-
action between the domain and the applied electric fi eld. Such 
a growth process results into string-like shaped domains, that 
is, inverted domains with a radius,  r , considerably smaller than 
their length,  l,  ( r <<  l ), which exhibit a power law dependence on 
the applied charge equal to 2/3. [  37  ]  For BMF, the lateral growth 
of the inverted domains as a function of the applied charge 
is depicted in Figure  1 d for inverted regions in the 10–50  μ m 

      Figure 1.  Optical micrographs of inverted ferroelectric domain patterns 
as a function of the electronic charge density in BaMgF 4 . The scale bar is 
100  μ m. The diameter of the irradiated domains was 20  μ m and the applied 
density charge was a) 50  μ C cm –2 , b) 100  μ C cm −2 , and c) 350  μ C cm –2 . 
d) Lateral growth of the inverted ferroelectric domains as a function of the 
applied charge on BaMgF 4  (red dots) and LiNbO 3  (black squares). Solid 
lines correspond to the theoretical fi t of the equilibrium domain size with 
the applied charge to a power law with exponent of 2/3. 

      Figure 2.  a,b) Optical images of two different 2D square lattices of inverted ferroelectric domains in BaMgF 4  crystal revealed after a selective chemical 
etching. The scale bar is 40  μ m in both pictures. c) Room temperature Raman spectra collected at the original (non inverted) and domain inverted 
areas. The spectra have been vertically translated for the sake of comparison. 
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SHG processes. More specifi cally, in contrast to uniaxial mate-
rials where the maximum number of parametric processes is 
two (the so-called type I [ oo,o ] and type II [ oo,e ] SHG processes 
where two ordinary waves generate an ordinary/extraordinary 
SHG wave, respectively) [  41  ]  in biaxial systems up to six different 
SH processes can be simultaneously obtained, the fi nal number 
being defi ned by the non-zero components of the second order 
nonlinear susceptibility tensor,   χ   (2) . In the particular case of 
BMF (mm2 symmetry), for a fundamental beam propagating 
parallel to the ferroelectric axis,  c , the nonlinear polarization 
vector is given by: P (2)

c = d32 · E 2
b + d31 · E 2

a   where  E i   denotes 
the electromagnetic fi eld component of the fundamental beam 
along the  i  =  a,b  crystallographic axis and  d ij   are the involved 
second order nonlinear components. That is, SHG will be only 
generated in a non-collinear geometry exhibiting both slow and 
fast polarization components. On the other hand, the electric 
fi eld polarization components of the fundamental beam are 
forced to be parallel to either  a  and  b  crystallographic axis, that 
is, slow and fast axes, respectively. Therefore, a maximum of 
four different (simultaneous) SH nonlinear interactions at the 
same frequency 2  ω  , but with different input/output polariza-
tion states can be obtained in a non-collinear confi guration. 
The allowed non-collinear SH interactions can be written as: 
 ss-s, ss-f, ff-s , and  ff-f , where  s  and  f  refers to the slow and fast 
polarization, respectively. The two fi rst letters denote the fun-
damental beam polarization, while the third one stands for the 
second harmonic generation. 

 For the experiments, two different ferroelectric domain pat-
terns were considered: i) 1D periodically poled BMF (PPBMF) 
with a poling period   Λ   ≈ 17  μ m and ii) a 2D square lattice of 
inverted ferroelectric domains with   Λ   ≈ 20  μ m.  Figure    3  a–f 
shows the schematic of the experimental setup, the fabricated 
NLPCs and the generated far fi eld SHG patterns, respectively. 
In all the cases, the polarization state of the fundamental beam 
was   γ   = 0, that is, parallel to the fast axis ( b  crystallographic 
direction). As seen, marked differences in the nonlinear 
response are obtained when the array of inverted domains is 
extended from 1D to 2D geometry. Indeed, the far fi eld SHG 
pattern evolves from two symmetrical bright spots distributed 
at an angle of "ext = 8.7 , to two concentrically conical patterns 
at external angles of "ext

1 = 8.7 ° and "ext
2 = 18 ° exhibiting azi-

muthal intensity modulation. The “transition” from discrete 
SHG pairs to a ring shaped geometry results from the 2D 
modulation of the   χ   (2)  second order nonlinear susceptibility 
and from the ferroelectric domain walls. In fact, the inner 
ring exhibit the same conical angle than that observed for the 
1D ferroelectric structure. However, the number of nonlinear 
processes that can be simultaneously observed differs in each 
case. Note that the 1D ferroelectric structure only displays two 
peripheral bright spots distributed at the corresponding conical 
angle while the 2D pattern exhibit two concentric rings. More 
specifi cally, the outer ring observed in 2DNLPC is absent in 
the PPBMF (Figure  3 c,f). This feature has nothing to do with 
the ferroelectric patterning but it is related to the non homoge-
neous azhimutal intensity profi le of the generated beams and 
will be analyzed in detail in the next section.  

 The measured external angles were found to be in agreement 
with the Cerenkov relation k2T cos" = 2kT  for the  ff-f  (  α  =  8.12°) 
and  ff-s  (  α   = 17.28°) nonlinear processes, where the refractive 

that electron bombardment is a suitable technique to pro-
duce domain inverted structures in BMF since the associated 
restructuring of the lattice and domain walls is taking place by 
preserving the optical characteristic of the crystal host.   

  2.2   .  Non Collinear Cerenkov-Type Second Harmonic Generation 

 As previously mentioned, an interesting feature of the 2D non-
linear photonic structure recorded in ferroelectric crystals is 
the possibility to generate nonlinear frequency conversion pro-
cesses at multiple wavelengths/directions due to the vectorial 
character of the momentum conservation law. In this section 
we will focus on second harmonic generation (SHG). To ana-
lyze the multidirectional character of the fabricated   χ   (2) -NLPC 
a near infrared (  λ   = 1.06  μ m) fundamental laser beam was 
launched along the polar direction. Upon this confi guration, the 
whole set of reciprocal vectors lie in the plane perpendicular to 
the propagating beam. Thus, the momentum conservation law 
force a particular angular dispersion for the SHG beam defi ned 
by the trigonometrical relation: cos  α  = 2k    ω    /k  2  ω     = n (  ω  )/ n (2  ω  ) 
where   α   refers to the conical angle between the propagating 
wave-vectors,   k     ω    and   k   2  ω   , and  n (  ω  ) is the refractive index of 
the material at a frequency   ω  . In this case, two different non-
linear processes can be distinguished: the so-called nonlinear 
Bragg diffraction (NBD), where both the longitudinal and trans-
verse phase matching conditions are simultaneously fulfi lled, 
and the nonlinear Cerenkov radiation or Cerenkov-type SHG 
(CSHG), in which only the longitudinal phase matching con-
dition is satisfi ed. [  41  ]  Though less effi cient, the later (Cerenkov 
type parametric processes) has demonstrated to be a powerful 
tool to generate widely tunable multicolor radiation by means 
of a multistep   χ   (2)  cascade processes owing to the intriguing 
enhancement of   χ   (2)  parametric processes by domain walls. [  19  ]  
Indeed, nonlinear Cerenkov radiation (in the form of two dis-
crete symmetrically distributed SH spots) has been observed 
at a single localized domain wall. [  20  ]  The resulting nonlinear 
far fi eld pattern obtained in both, NBD and CSHG exhibit the 
same conical angle   α  , since it is ultimately determined by 
the material refractive index dispersion. We will refer to it as 
Cerenkov angle. 

 At this point it is worthwhile to mention that due to the ani-
sotropic nature of BMF, an electromagnetic wave propagating 
through the crystal parallel to the optical axis would split into 
two waves with perpendicular polarization, namely, the “slow” 
and “fast” waves. The two associated refractive indices  n  s  and 
 n  f  for the slow and fast waves, respectively, can be obtained by 
the two solutions of the Fresnel’s equation and are listed in 
reference. [  18  ]  Because of its orthorhombic structure, BMF is 
optically biaxial, with the optical principal axes coincident 
with the crystallographic ones ( xyz ≡ bca ). This anisotropy has 
a strong impact on the generation of non-collinear CSHG: 
On the one hand, the refractive index values for the slow and 
fast waves will vary for every direction on the cone. [  42  ]  Hence, 
in 2D patterns the projection of the conical SH response on a 
screen would not be a circular ring but, in fact, it can show an 
elliptical shape. On the other hand, the permutation of the dif-
ferent slow/fast polarization states of the three involved waves 
can result in the simultaneous generation of several types of 
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  2.1.1   .  Azimuthal Intensity Modulation of the Cerenkov-SHG 
Beams. Polarization Properties 

 As pointed out, the generated conical beams feature a non 
homogenous azimuthal intensity distribution which results 
in noticeably different nonlinear far fi eld SH patterns for the 
inner and outer rings, respectively (see Figure  3 f). In particular, 
the far fi eld pattern obtained for the inner ring displays two 
intensity maxima symmetrically distributed with respect to 
the vertical axis of the screen. On the contrary, the intensity 
maxima for the outer ring are symmetrical with respect to the 
horizontal axis. Indeed, the azimuthal angles at which the SH 
intensity reach its maximum values in the inner ring coincides 
with the minimum (zero) SH intensity registered for the outer 
ring and vice versa. Moreover, the azimuthal intensity profi le 
can be modifi ed by changing the polarization angle of the fun-
damental beam. 

  Figure    4  a,b shows the far fi eld SHG patterns obtained for 
fundamental beams linearly polarized along the slow and fast 
optical axis (  γ   =   π  /2 and   γ   = 0, respectively). As seen, when 
the input polarization of the incoming fundamental beam is 
rotated by   π  /2 the outer ring vanishes and the spatial intensity 

index values along  b  and  a  axis were employed as the values 
for the fast and slow waves, respectively. This approxima-
tion strongly simplifi ed the mathematical treatment and was 
adopted on the basis of the small angular dispersion values 
and the nearly circular shape obtained for the nonlinear conical 
beams in BMF (Figure  3 f)—note that the observable elliptical 
shape in the far fi eld images is a consequence of the angular 
perspective from where the pictures were taken. The relation-
ship between the external and internal angle was obtained by 
means of Snell’s equation using the refractive index values 
given by Villora et al. [  18  ]  The calculated Cerenkov angular disper-
sion (external angle) for the four allowed CSHG processes as a 
function of the fundamental wavelength is shown in Figure  3 g. 
As observed, the shorter the wavelength the larger the conical 
angle, being the maximum angular defl ection obtained for the 
 ff-s  process. The minimum dispersion occurs for the  ss-f  which, 
in fact, cannot be observed for fundamental wavelengths 
larger than ≈570 nm. On the other hand, the  ss-s  and  ff-f  para-
metric processes will be generated at closely separated angles 
( Δ   α   ≈ 0.4°), thus they will spatially overlap, unless the appro-
priate input/output polarization conditions are selected. We 
will go to this aspect next. 

      Figure 3.  From left to right: Schematic of the experimental set-up used 
for Cerenkov type Second Harmonic generation process when the funda-
mental beam propagates parallel to the ferroelectric axis, optical picture 
of the employed ferroelectric structures and far fi eld Cerenkov type SHG 
patterns obtained in a–c) 1D ferroelectric structures and d–f) 2D non 
linear photonic crystal. The scale bar is 40  μ m. g) Calculated angular 
dependence of the generated SH beams as a function of the fundamental 
wavelength for the four allowed Cerenkov type SHG processes in BaMgF 4 . 

      Figure 4.  Far fi eld Cerenkov type SHG patterns obtained in BaMgF 4  
based 2DNLPC for linearly polarized fundamental beams with polariza-
tion states a) parallel to slow axis (  γ   =   π  /2) and b) parallel to fast axis 
(  γ   = 0); Calculated azimuthal dependence of the SH intensity for c)  ss-s , 
and d)  ff-f  and  ff-s  processes from Equation  1 . A schematic diagram of the 
involved angles is depicted on top of the fi gure. 
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incident beam are selected at once. This is an exclusive property 
of biaxial crystals, which allows the generation of multiple har-
monic conical waves spatially separated at their corresponding 
Cerenkov angles. In addition, we would like to highlight that 
in all the cases, the mm2 point group symmetry of the crystal 
is imprinted in the generated nonlinear far fi eld SHG pattern, 
in agreement with previous work based on the directionality 
of the SHG response and the use of 2DNLPC for symmetry 
studies. [  44,45  ]     

  2.3   .  UV-Third Harmonic Generation Via   χ   (3)  Nonlinear 
Processes 

 In the previous section we have shown the possibility of 
obtaining simultaneously up to three types of CSHG processes 
distributed on a conical geometry via different   χ   (2)  nonlinear 
processes supported by the 2D ferroelectric patterning. Here, 
we demonstrate that additional frequency conversion processes, 
such as collinear THG, are also possible in the BMF crystal. In 
fact, phase-matched frequency tripling process can be achieved 
in the UV spectral region by means of birefringent phase 
matching (BPM) via the nonlinear susceptibility tensor,   χ   (3) . The 
study of THG processes based on third-order electric suscepti-
bility in BMF is of great interest not only due to the possibility 
to extend the frequency conversion processes to the UV spec-
tral region, but also due to its potential applications in quantum 
optics since it may allow the direct generation of photon triplets 
via the reverse process of THG. [  24–26  ]  Hence, each triplet would 
originate from a single pump photon and therefore quantum 

distribution of the SHG pattern is modifi ed. This can be 
explained by considering the different Cerenkov type SHG pro-
cesses accessible in BMF.  

 The azimuthal intensity profi le and polarization properties 
of the SHG patterns are defi ned by the P

(2)
i j k   nonlinear tensor 

associated with the space group of the nonlinear material and 
the effective nonlinearity involved in the parametric process, 
 d  eff . In our case, according to the mm 2  point group symmetry 
of BMF, the effective nonlinearities responsible for the four 
allowed processes at any direction can be written as:

dss− s
eff = (cos2 sinn cos* + cosn sin*) d31 sin2(

dss− f
eff = (−cos2 sinn sin* + cosn cos*) d31 sin2(

d f f − s
eff = (cos2 sinn cos* + cosn sin*) d32 cos2(

d f f − f
eff = (−cos2 sinn sin* + cosn cos*) d32 cos2(  

 (1)

      where  θ  and ϕ refers to the spherical coordinates,  γ  is 
the input polarization angle, and the angle  δ  is defi ned by: 
cot* = cot2 VZ sin22 + sin2n − cos22 cos2n

cos2 sin 2n
  being  V Z   the angle between 

the optical axis and the z axis given by Vz = nz(n2
y −n2

x)1/2

ny (n2
z−n2

x)1/2  . [  43  ]  In 

the particular case of nonlinear CSHG, the generated waves 
propagate at an angle  α  with respect to the  c  crystallographic 
direction ( y  axis). Therefore both, the  θ  and ϕ angles, can 
be written in terms of the propagating conical angle,  α , as: 
2 = B

2 −" cos$ , and n = B
2 − " sin$ , where  β  refers to the azi-

muthal angle on the conical pattern. An schematic diagram in 
shown in Figure  4 . The calculated intensity distribution of the 
 ss-s ,  ff-f  and  ff-s  parametric processes are shown in Figure  4 c,d. 
As seen, the experimental results are in good agreement with 
the calculated profi les. Note that for the input linear polariza-
tion employed in Figure  3 c (  γ   = 0) the  ff-s  parametric process 
vanished along the  x  axis. Thus, a single nonlinear process 
must be observed in 1D periodically poled BMF, according to 
the results displayed in Figure  3 c. Here, we would like to recall 
that the employed fundamental beam ( λ   ω   = 1064 nm) prevents 
the observation of the  ss-f  process, which, as mentioned above, 
is restricted to fundamental wavelengths shorter than ≈570 nm 
(Figure 3g). 

 Concerning the polarization state of the ring shaped Cer-
enkov radiation, it was found to be radial for the three types of 
parametric processes, according to the employed non-collinear 
experimental scheme and the symmetry of the SHG tensor 
in BMF. The polarization properties of the generated conical 
waves are imposed by the quadratic nonlinear susceptibility 
tensor, and therefore by the aforementioned expression for 
the nonlinear polarization vector (P (2)

c = d32 · E 2
b + d31 · E 2

a  ). 
Accordingly, the polarization state of the conical SHG is forced 
to be radial, regardless the polarization state of the incident 
beam. The effect of the different combinations of the input/
output polarization states on the generated SHG patterns is 
shown in  Figure    5  . Three main features can be observed: fi rst, 
it is possible to obtain each process in an independent manner; 
second, the  ss-f  process does not lead to any SHG signal (central 
panel) in agreement with the angular dispersion of the CSHG 
for fundamental wavelengths larger than ≈570 nm; third, 
up to three different CSHG processes can be simultaneously 
obtained when the slow and fast polarization states of the 

      Figure 5.  Far fi eld Cerenkov type SHG patterns generated with different 
input-output polarization confi gurations. From top to bottom: Input 
linear polarization parallel to fast - ff  - ( γ  = 0), slow - ss - ( γ  =  π /2), and 
rotated  π /4 from the fast axis - sf - (  γ   =   π  /4). The SHG output polarization 
was selected with an analyzer as follows: No analyzer (left column), fast 
- f - polarization (central column), slow polarization - s - (right column). 
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γ = π/2

γ = π/4

No Analyzer
Analyzer-f- Analyzer
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Figure  6 b shows the experimental results (THG spectrum, 
  λ   THG  = 380 nm) obtained with a 1 mm long  z -cut BMF crystal 
at room temperature, when the fundamental beam travels 
along the polar axis. Let us recall that for a fundamental beam 
travelling parallel to the ferroelectric axis, collinear SHG is not 
allowed by symmetry restrictions. Consequently, THG via two 
steps   χ   (2) -cascade process will not contribute to the generated 
signal. This is in agreement with the manifested lack of SHG 
signal at 570 nm. Thus, direct cubic interaction is confi rmed 
as responsible of the observed UV-THG in BMF. At this point, 
it is interesting to note the large spectral width obtained for 
the BPM nonlinear process, which exhibit a full width at half 
maximum value, FWHM ≈ 17 nm. This fact is mainly related 
to the spectral broadening of the femtosecond pulsed laser used 
as excitation source (FWHM ≈ 50 nm), which allows for cer-
tain wavelength tunability by taking advantage of the spectral 
tolerance of the nonlinear THG process. More specifi cally, the 
phase-matching spectral bandwidth for a birefringent THG can 
be obtained from:

ITH ∝
(

L

8

)2

sinc2

(
�k L

2

)
  

(3)
 

     being  I  TH  the intensity of the third harmonic wave,  L  the crystal 
length,   λ   the fundamental wavelength, and   Δ k  the mismatch 
between the fundamental and TH waves. Thus, for 1 mm thick 
crystal, the theoretical spectral bandwidth expected for Type II 
THG process at 1146 nm is  Δ   λ   ≈ 14 nm in good agreement 
with our experimental results. Dashed line in  Figure    7  a shows 
the calculated spectral tolerance for the cubic nonlinear pro-
cess. Solid circles in the same graph represent the normalized 
THG intensity obtained when the fundamental wavelength was 
tuned from 1080 to 1230 nm. As seen, a certain spectral tuna-
bility can be obtained around 1146 nm, due to the large spectral 
bandwidth of the employed fs-pulsed fundamental laser beam. 
Indeed, the obtained tuning range can be well fi tted by means 
of the convolution between ≈50 nm width gaussian pulses 
and the calculated bandwidth of the THG process defi ned by 
Equation  3 . The results of the calculation are plotted in solid 
line. The very good agreement between the experimental and 
calculated spectral acceptances indicates that the effective 

correlations will extend over all three photon. In addition to the 
striking quantum properties based on the three photons down 
conversion, effi cient phase-matched THG at the UV region can 
be expected in BMF due to the recently reported large third-
order nonlinearities in this system. [  19,20  ]  

 The conditions for THG via   χ   (3)  frequency-mixing of three 
fundamental photons are calculated for birefringent-matching 
in BMF. Three different types of THG processes satisfy the 
energy and momentum conservation law, namely, Type I ( sss-f ), 
Type II ( ssf-f ), and Type III ( sff-f ) nonlinear interactions, where 
the three fi rst letters refers to the polarization of the funda-
mental waves, and the last one represents the polarization of 
the THG beam. The calculated BPM curves for each type of 
THG in the principal planes ( φ  = 0°,  φ  = 90°, and   θ   = 90°) is 
shown in  Figure    6  a. From this graph the conditions for non 
critical phase matching directions (and therefore, walk-off com-
pensated) for a fundamental beam parallel to the ferroelectric 
axis were found to be 935 nm and 5200 nm for type I, 1146 nm 
and 4250 nm for type II, and 1930 nm and 2536 nm for type 
III processes. However, the non-zero components of the third-
order nonlinear susceptibility tensor restrict the polarization 
conditions for the fundamental and THG beams. In particular, 
for BMF crystal (mm 2  symmetry) there are only 9 independent 
non-zero third order nonlinear coeffi cients, (  χ   11 ,   χ   22 ,  χ  16 ,   χ   24 , 
  χ   18 ,   χ   29 ,   χ   33 ,   χ   35 ,   χ   37 ). [  46  ]  Thus, the cubic polarization vector 
components of the THG wave for a fundamental beam travel-
ling along the polar axis are given by:

P (3)
a = χ11 · E 3

a + 3χ18 · Ea E 2
b

P (3)
b = χ22 · E 3

b + 3χ29 · E 2
a Eb

P (3)
c = 0  

 (2)
     

  a  and  b  being the slow and fast directions, respectively ( n a   >  n b  ). 
Hence, pure   χ   (3)  non critical THG by BPM can only be obtained 
via type II nonlinear interaction.  

 A tunable optical parametric amplifi er generating 
140 fs pulses at a repetition rate of 1 kHz was tuned at around 
1140 nm to check the type II phase-matching condition for 
the direct cubic process in BMF. The linear polarization of the 
input beam was rotated   π  /4 from the  a  axis so that both slow 
and fast polarization components can be simultaneously used. 

      Figure 6.  a) Birefringent phase matching curves for direct Type I, II, and III THG processes in the principal planes of BaMgF 4 . b) Third harmonic 
generation spectrum obtained for a Type II BPM process when the fundamental beam (  λ   ω    = 1140 nm) propagates parallel to the polar axis. The inset 
shows the far fi eld image of the THG at 380 nm. 
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one of the main limitation of the THG output power in BMF. 
Super-continuum generation is out of the scope of the current 
work and will be further studied in the future.    

  3   .  Conclusion 

 We have demonstrated the ability of ultra-transparent BMF 
ferroelectric crystal to operate as advanced multiport optical 
system from which second and third harmonic generation can 
be obtained in the UV-VIS spectral range. The simultaneous 
generation of multiple nonlinear processes in a single solid 
state system has been made feasible by combining highly effi -
cient pure cubic   χ   (3) -third harmonic generation process in the 
UV spectral region and multiple quasi-phase matching second 
order nonlinear interactions in a fully dense square lattice of 
alternate ferroelectric domains. The nonlinear ferroelectric 
structure has been obtained after careful processing using 
e-beam writing, and constitutes the fi rst example of a two-
dimensional nonlinear photonic crystal in a fl uoride system. 
Up to three different Cerenkov-type SHG processes distrib-
uted in a conical geometry via   χ   (2)  processes are demonstrated 
upon 1.06  μ m infrared pumping, pointing out the feasibility of 
the nonlinear structure to continuously obtain widely tunable 
conical type quadratic SHG processes in this system. Let us 
recall that in contrast to nonlinear Bragg diffraction processes 
where the exact fulfi llment of the full vectorial phase matching 
condition is required, the nonlinear Cerenkov radiation repre-
sents the type of nonlinear interaction in which only the longi-
tudinal PM condition is fulfi lled. As a result, the conical angle 
is defi ned by the material refractive index dispersion and the 
generated   χ   (2)  conical SHG response can be tuned in a broad 
spectral range by simply varying the fundamental wavelength. 
In this respect, the 2D patterned BMF crystal can be useful for 
the development of novel all optical solid state tunable devices 
operating from the mid-infrared (≈13  μ m) up to VUV spectral 
region (≈125 nm) with the additional advantage of multi-direc-
tional response. 

 Additionally, the effi cient pure cubic   χ   (3) -third harmonic 
generation process obtained in BMF allows to envisage novel 
sources of entanglement from which photon triplets via spon-
taneous parametric down conversion processes can be obtained 
with interesting applications in advanced quantum crypto-
graphy where a third photon can operate as control signal. 
Other functionalities such as continuous wave multidirectional 
self-frequency converter solid state laser or self-nonlinear prism 
can be also pictured in BMF due to the possibility of incorpo-
rating active laser ions in the crystal.  

  4   .  Experimental Section 
  Crystal Growth : BMF single crystals were grown by the Czochralski 

technique using a 30 kW R.F.-generator. High purity powders (99.99%) 
of commercially available BaF 2  and MgF 2  weighted and mixed in a Pt 
crucible. The crystal was grown under CF 4  (99.99%) gas. 

  Two-Dimensional Ferroelectric Patterning : A 1 mm thick plate from 
a single domain BaMgF 4  crystal was cut and polished with its main 
faces oriented perpendicular to the ferroelectric c-axis. The ferroelectric 
domain pattern was fabricated via direct electron beam writing 

interaction length corresponds to the whole crystal length  L . 
Figure  7 b shows the pump power dependence between the 
fundamental beam at 1140 nm and the THG beam. The meas-
ured conversion shows a cubic power dependence with an effi -
ciency that nearly reaches 5% for an input power of 17 mW (see 
inset in Figure  7 b). This conversion effi ciency is, to the best of 
our knowledge, the highest reported for pure cubic   χ   (3) -THG. 
Note that even though THG conversion effi ciencies as large as 
11% have been reported, they are accompanied by cascading 
quadratic processes. [  47,48  ]  Indeed, there are only few works in 
which effi cient pure third order optical parametric interactions 
have been reported. [  27,28  ]  Higher input power results in the 
generation of a super-continuum spectrum. This phenomenon 
could be related with a self-phase modulation effect due to the 
short pulses and the nonlinearity of the medium, becoming 

      Figure 7.  a) Experimental (solid dots) and calculated (dashed line) spec-
tral tolerance for the   χ   (3) -direct Type II THG process in BaMgF 4 . The solid 
line represents the convolution between Gaussian pulses with FWHM 
of 50 nm and the calculated bandwidth of the THG process. b) Average 
output power at 380 nm as a function of the incident power when the 
fundamental wavelength is tuned at 1140 nm. Dots and red line refer to 
experimental and theoretical cubic fi t, respectively. The inset depicts the 
output power dependence in log scale along with the fi ttings (solid lines) 
to square and cubic dependence on the input power. 
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by means of a Philips XL30 Schottky fi eld emission gun electron 
microscope driven by an Elphy Raith nanolithography software. 
The electron beam was focused on the -c face of the crystal without 
any mask. Prior to the irradiation process, a 100 nm fi lm of Al was 
deposited on the +c face, which acted as a ground electrode during 
the electron irradiation. The acceleration voltage was 15 kV and the 
current beam 0.3 nA. The applied density charge was varied between 
50 and 350  μ C cm −2 .The inverted domains were directed along the 
polar axis of the crystal ( c  axis) and crossed the whole thickness of 
the sample. The lateral size of the inverted domain columns ranged 
between 5 and 20  μ m for which the lattice parameter of the squared 
array varied between 15 and 50  μ m, respectively. The spatial extension 
of the patterns use in this work was 0.5 mm × 0.5 mm. The inverted 
ferroelectric domain structures were revealed after a selective chemical 
etching in a solution of HCl. 

  Confocal Spectroscopy : Micro-Raman experiment was performed at 
room temperature in a laser scanning confocal microscope. An Ar +  laser 
at 488 nm was used as excitation sources. The laser beam was focused 
onto the sample by a microscope objective. The Raman response was 
collected in backscattering geometry with the same objective (50× 
magnifi cation, numerical aperture, NA = 0.75 in air) and focused into 
a multi-mode fi ber. The end of the fi ber was directly connected to the 
spectrometer and the signal detected with a Peltier-cooled charge 
coupled device camera. A beam splitter and notch fi lter were used to 
attenuate the pump laser line. The sample was placed on a 2-axis XY 
motorized stage with 0.2  μ m spatial resolution thus, precise positioning 
of the sample under the laser spot was achieved. The laser was focused 
to a spot diameter smaller than 1  μ m.

   Cerenkov-type SHG Experiments : A ps-laser at 1064 nm (Spectra 
Physics Navigator) with a repetition rate of 20 kHz was employed 
as incidental beam. All the frequency conversion experiments were 
performed with the fundamental beam travelling parallel to the 
ferroelectric axis. A polarizer and a half wave plate were used to control 
the input polarization state of the beam. The generated non-collinear 
second harmonic response was projected on a white screen and its 
polarization properties were analysed with a second polarizer. The far 
fi eld pictures of the generated conical radiation were obtained by means 
of Nikon D90 digital camera.  

   Third Harmonic Generation via  χ  (3)  Sum-Frequency-Mixing : An ultrafast 
Optical Parametric Amplifi er (Coherent OPerA-Solo) generating 140 
fs pulses at a repetition rate of 1 kHz was used as tunable excitation 
source for the third harmonic generation experiments. The laser beam 
was focused to a spot size of about 100  μ m and the polarization of 
the fundamental beam was controlled by a linear polarizer and a half-
wave plate. The spectrum of the THG was collected by an Ocean Optics 
HR4000 spectrometer and the THG power output was measured by a 
Coherent FieldMax-TO power meter.    
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